Duality-Symmetric Three-Brane and its Coupling 
to Type IIB Supergravity [] 



Alexei Nurmagambetov f\ 

Kharkov Institute of Physics and Technology 
310108, Kharkov, Ukraine 



Abstract 

Starting from the bosonic sector of the M-theory super-five-brane we obtain the action 
for duality-symmetric three-brane and construct the consistent coupling of the proposed 
action with the bosonic sector of type IIB supergravity. 
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1 Introduction 



S-duality is conjectured to be an exact symmetry of the type IIB superstring theory, 
whose BPS spectrum includes in particular the IIB three-brane, being invariant under 
the action of S-duality symmetry group. 

The special role of the three-brane in the type IIB superstring theory has been noted 
in literature (see, for example, f l j |J) time and again in connection with conjecture 
about possible reformulation of the D — 10 IIB superstring theory as a theory in twelve 
dimensions IfLOfl , In frames of this conjecture the type IIB superstring theory could 
be interpreted as a theory of fundamental supersymmetric three-branes 0, ||, whose 
SL(2, Z) symmetry would be a consequence of the 'electro-magnetic' worldvolume duality, 
with S-duality invariant effective action in type IIB theory background. However, one 
of the obstacles in construction of this effective action is the field content of type IIB 
supergravity |r2| , whose bosonic sector includes a self-dual antisymmetric gauge field. 

The problem of a compatibility of the Lagrangian description of self-dual fields and 
space-time covariance has attracted great deal of attention during a long period of time 
TJJ] . The progress in construction of the Lagrangians for self-dual antisymmetric gauge 
fields was achieved by Schwarz and Sen | 15| . Their results was the generalization of 
early work by Floreanini and Jackiw [16| ond= 2 chiral scalars and by Henneaux and 
Teitelboim |17j on d = 2(p + 1) chiral p-forms. However, the approach of [15|], being 



manifestly duality invariant, is not manifestly space-time covariant. But it is desirable to 
have a covariant formulation, especially when one is interested in consideration of models 
coupled to gravity or supergravity. This requires the use of auxiliary fields, from one to 
infinity in dependence on the approach 



t§, m, @,|2T 



In what follows we will be 

concentrated on the approach proposed by Pasti, Sorokin and Tonin (PST) [ffilfl , with 
single auxiliary field ensuring the covariance of the model, but entering to the action in a 
non-polynomial way. Recently this approach was successfully applied to a different kind 
of models with self-dual or duality-symmetric antisymmetric gauge fields including the 
M-Theory super-five-brane ||22|| , |23[j , the bosonic sector of D = 10 type IIB supergravity 
P|j] and duality-symmetric D — 11 supergravity |2~5]. In this paper we apply the PST 
approach to obtain the effective action of the type IIB superstring theory with three-brane 
source. 

As a preliminary step in Section 2 we obtain the action for three-brane with duality- 
symmetric worldvolume gauge fields by worldvolume dimensional reduction of the action 

121 



for bosonic five-brane 



This special structure of the three-brane action is dictated 



by the structure of the bosonic sector of IIB supergravity [p4j| , which contains a self- 



dual forth rank antisymmetric gauge field naturally coupled to three-brane, having the 
special symmetries being characteristic of theories with self-dual gauge fields p0[ , 



This symmetries have to be preserved under the coupling of three-brane with the type 
IIB supergravity that automatically demands the duality-symmetric structure of three- 
brane as we will see later on. In Section 3 we review the PST approach to the bosonic 
sector of D — 10 IIB supergravity f2H |, entering to the effective action of the type IIB 
superstrings, and obtain the action describing consistent coupling of three-brane with the 
bosonic sector of D = 10 IIB supergravity. Discussion of the obtained results and some 
concluding remarks are collected in the last section. 
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2 Three-brane from five-brane 



Our starting point is the action for bosonic five-brane J27 

S = - / d 6 £ ^-det(g pu + iH pu ) + J - H^H^ p d p a (1) 

7 4v/-(9a) 2 

with 

^ = 1 X /a; iT^ A = -^ e ^# (2) 
-(9a) 2 3! v^ 



where -£/^a is the field strength of the worldvolume antisymmetric tensor field B^^) and 
g^v is the metric in six dimensions. 

To obtain the action describing duality-symmetric three-brane we perform a dimen- 
sional reduction by splitting the six-dimensional indices /i onto the set of (m, a) [^9| , 
where m is the four-dimensional index and a is the index in compact dimensions. We 
will assume a ^ a(y a ), where y a are the coordinates of a compact space; B mn = 0, 
B pp ^ B pp (y a ) and B a/3 = 0; and will choose the standard form of vielbeins [p8fl , [p9fl that 
allows us to write the six- dimensional Levi-Civita symbol e pupa s as the direct product of 
the four-dimensional Levi-Civita symbol e mnrq and the unit antisymmetric tensor e a p in 
compact dimensions. 

Using this ansatz, after some algebra we obtain the following action for three-brane 
with duality-symmetric worldvolume gauge fields: 



S = -V J Av /Z G(, 



1 / , ,, ^ „ ^ dfd 



4 1 + F ma F ma + -U- bd fF ba e^F ap 

^ 4 



2 ' 



), (3) 

-(5a) 2 



where 

^ma = , f fftmai F mn = 2 9 [m B^] V /Z G = det G mn , (4) 

the metric tensor for the internal space is g a p = 5 a p, and V is the volume of a compact 
space. 

The action (Q), written in manifestly covariant form, is invariant under 

• worldvolume diffeomorphisms, 

• usual gauge invariance 

5B? n = d m r, (5) 

• local transformations of the form 

5B°=d m a{Z)<ff{Z); 6a = 0, (6) 

• and additional local symmetry 

*a(£) = *(£), 5B^ = ^e a ^ m p, J* = V£ - e^F mn/3 d n a, (7) 
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where 



5 Jl 



-(da) 



TP ffma 
± ma ± 



dja 



+ W abdf F ba e^F dp - 

V-(So) 



All these symmetries become obvious if we consider a variation of the action 
and a(£), written in differential forms as 



(8) 
under 



§S = -V (SB^ a 



5a 
Jdaj' 



-(da) 



The presence of the symmetry (|?D is crucial for establishing a connection with non- 
covariant formalism of [3~0|, |TI|. Effectively, the symmetry (|7|) allows one to fix a gauge 
in such a way that, say, 

d m a(0 = 8° m , (9) 



or 



d m a(i) 



(10) 



and the local symmetry (0) ensures the auxiliary role of the field a(£). Thus, fixing 
the gauge (0) or (10), we can eliminate a(£) from the action without losing dynamical 
information and obtain the action Q similar to that of and |JT . 

The symmetry (§) allows one to reduce the general solution for the equations of motion 
of fields to the form 

V«-€ af3 F mnf3 d n a = 0. (11) 

Eq. (|11|) is a generalization of the self - duality condition to the case of self-interacting 
gauge fields [32]. In the linearized limit, where we take the flat metric and insert in (§) the 
term — \F ma F ma instead of the square root, the condition ([D]) becomes the self-duality 
condition for duality-symmetric Maxwell electrodynamics [p0[| 



with 



T a = 



/ mn — fc r (Bmn r mn' 



Thus, the action @ describes a duality-symmetric three-brane. It involves a pair of 



a gauge fields related to each other by virtue of the self-duality condition (|TT|). After 
elimination of one of the Abelian fields we recover the usual Born-Infeld action as it was 
shown in [RD], []3T|. The presence of an additional field a(£) allows one to covariantize 
the approach of [pOj] , [pl|1 and to make electric- magnetic duality manifest at the level of 
action. 

To obtain the three-brane source term of the effective action for type IIB theory we 
have to consider three-brane coupling with IIB D = 10 background fields, including the 
dilaton </>, the second rank antisymmetric tensor C mn and the metric g mn in NS-NS sector 
and the axion x, the second rank antisymmetric tensor C mn together with the self-dual 
fourth rank antisymmetric tensor A mnvq in RR sector (m,n,p, q = 0, . . . , 9). 



3 The choice ([)]) corresponds to the action (15) of |5l| and as it has noted in 30 , the choice ( |l0| ) leads 
to the action with a pair of electric fields. 



4 



First consider the action (H) in dilaton-axion background, describing by the 2x2 
matrix valued scalar field 

M= \&){xi(x) A^ + v)' (12) 

A = Ai+iA 2 = X + *e-* = 0(x(O), X = x(x(0), (13) 
satisfying the following conditions: 

M T = M; MeM T = e. (14) 

A4, e and B^ transform under the global SL(2, R) transformations u as follows: 

M — > wew T = e, 5^ = (w T fl)£, (15) 

"=(c d)' AD ~ BC = l - 
Then the SL(2, R) invariant action has the following form Q: 



S = -V J d*£y/=G( A 



4 1 + F«{e T Me) aP FP™ + he^f F ba e^ F d/3 9fQ ) 2 (16) 
N 4 \/-(^) 

o a r ranB i J- 

2 

To find the action (|i~6"|) in a background of antisymmetric gauge fields of IIB D = 10 
supergravity, we have to replace the field strength F^ n with 

Tja __ rpa /~ia / -i y\ 

ran ran mn \ / 



and add to the action ([TB) a Wess-Zumino term (see 0], 0, P7| ). The resulting action 
becomes 



S=-V J Av /= G( A 



1 / , , r T ~V r, ^ dfd 



1 + H^(e T Me) aP H^ + -(e abd f H ba e^H, 



dp 



- i^^-^=) + / (X« + i^Fi 2 ) A Cf ), (18) 
-'— (da) 2 JM z 



where and are the pullbacks of the corresponding D=10 forms onto worldvolume 
M A . 

The structure of the Wess - Zumino term is governed by the requirement of invariance 
of (|i~8l) under the modified symmetries (]5|) - (0) 

5a = 0; SB" = d m <f + 3 w a^ a , 
<Ja(£) = $(£), 8B^=^e^H mP , H a m = V£ - e^H mnj d n a (19) 



1 To check this invariance, the transformation law = (Fuj)^ has to be used. 



with 



1 + H«(e T Me) af3 H^ + H ha e^H dp - "' 



V™ = y-(da) = - , 

u a 

that is, the Wess - Zumino term is required to preserve local symmetries of the action 
when three - brane couples to the antisymmetric fields (see [27|, where this fact was 
pointed out for the first time). 

To complete a description, let us note that the action fll8|) is SL(2, R) invariant under 
the following SL(2, R) transformation of the background fields: 

Cmn — [ (^"' n J > ( u;T C)mn- (20) 



3 D=10 IIB supergravity and its coupling to three- 
brane 

Although the Lorentz covariant equations of motion for D = 10 IIB supergravity are 
well known for a long time ||12|| , the problem of construction of the complete D = 10 IIB 



supergravity action functional |13| remains open. However, from the modern point of view 
the main obstacle in construction of this action connected with the presence of a self-dual 
antisymmetric gauge field in the bosonic sector of Type IIB supergravity has been avoided 
in the work by Dall'Agata, Lechner and Sorokin |23J] where the PST approach pU| , P*T| 



was applied. In this section we review the approach of [2^] and obtain the effective action 
for the Type IIB superstring theory with the three-brane source. 



The bosonic sector of the type IIB supergravity [O] is described by the following 



action 24 



S = J d 10 x^[R-2d^^-2e 2 *d^ X d^X-le^H ljnR H 1 -^ 
-le*(H ljmk - X #/™n)(i7— - X H ljm -)\ 



~\j d w x^^d^a(x)M^^M^-^d p _a(x) - 4 A® AH AH, (21) 

where R(x) is a D = 10 scalar curvature, H^ = dC^ and H^ = dC^ are, respectively, 
the field strength of the NS-NS and R-R two-forms; 



M< 5 > = dA& + -C^ A dC® - -C^ A dC&> 
2 2 



(22) 



is the five-form field strength of the R-R self-dual gauge field A^(x), A4 (5) = M (5) -M* (5) 
is the anti-self-dual part of M^^x), and the auxiliary scalar field a(x) ensures the manifest 
D = 10 covariance of the A^ part of the action. 

The action (^T|) possesses the following symmetries: 



D = 10 general covariance; 
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• usual gauge invariance 



6A& = d 0(3) _ l da (i) A c-( 2 ) + Irfad) A C^; (23) 

global SL(2, R) symmetry mixing of and x an d of C^ 2 -* and CjW 
and additional local symmetries: 

SAW = daA(p {3 \ 5a = 0, 



6a = *(x), MW M =^^/fl. (24) 



Apparently, the kinetic terms involving and HW are the gauge invariant. The 
invariance under the symmetries corresponding to the transformations of A^ ( |23"D and 
(B^j) can be established by the variation of the last two terms of the action (pl|) having 
the following form in the differential forms notations: 

SS M+CS = -4 / 6M® A + 25 AvA i v M^ ] + SS CS + S a{x) S M 

[2( . 5a i v M® + SAW + I C (2) A 5( 5(2) _ 1^(2) A 5C ,( 2)) A . A • M ( 5)) 
M™ \/-(da) 2 2 2 



+2(dC (2) A 5C (2) - dC (2) A SCW) A {v A i v MW - \m^) 
+dM® A (SAW + i C (2) A ^(2) _ 1(5(2) A ^( 2)) 

+ M< 4 » A dCW A rfC( 2 ) - <5A (4) A dCW A ^ 2 ) + dAW A dC( 2 > A 5(7^], (25) 
where v = , da — and the contraction i v AiW is defined as 

i v M® = A ... A dx^Mprn,...^. (26) 

The first line of the ( p5|) makes the gauge invariance obvious since 

SgaugeMW = 0, and 

SgaugeScs = up to the total derivative. Concerning the invariance under the transfor- 
mations (PH), it should be noted that the form of the Chern-Simons term is completely 
determined by the requirement of keeping the symmetries ([24]) and by the form of . 
On the other hand, the form of the Chern-Simons term is fixed by the requirement of su- 
persymmetry. Thus, the symmetry fl24D is the criterion of selfconsistency for the bosonic 
theories with the self-dual fields playing the same role as supersymmetry in superfield 
theories or as kappa-symmetry for super-p-branes. 

As for the global SL(2, R), the presence of this symmetry becomes clear if we write 
down the action (pi]) using the matrix (|T2| ) with <p = <p(x) and \ = xi x )'- 



S = J d 10 x^lR-g^tr(d^MediMe)-^H^(e T Me) a pH^ 
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where 



-\j d 10 x-^^d^a(x)Ml^ m M^^d p _a(x) + 2 A« A W%, A liP , (27) 

(28) 



dC 
dC 



-1 

1 



and taking into account the transformation laws for A4 Ql4]) and for (|2~0"D . 
Equation of motion for field is reduced by ( p4| ) to the self-duality condition 

^(5) = M (5) _ M *(5) = Q) 

provided a fulfillment of the equation of motion 

dM*® = -dC® AdC®, 



(29) 



(30) 



derived early in 12 



To construct a consistent coupling of three-brane to type IIB supergravity let us firstly 
analyze the equations ( p9| ) and ([!(]) following from the action ([H]). The self-duality of M^ 5 ) 
provides the symmetry between equation of motion for and its Bianchi identities: 

dM*^ = -dC {2) A dC {2 \ dM® = -dC (2) A dC {2 \ (31) 

hence, if one would like to introduce sources into these equations f25fl , one should follow the 
prescription used by Dirac for describing magnetic monopoles coupled to D=4 Maxwell 
fields. Following Dirac we can provide a fulfillment of the Bianchi identities 



dM = 0, 

replacing with = - G*^ , where 

dG *( 5 ) = 1 j*(4) 
4 



(32) 



f33) 



and consider the generalization of the Dirac string to a Dirac four-brane stemmed from 
the three-brane. 

Following |2?J we extend the action for three-brane to an integral over D = 10 space- 
time by inserting a 5-function closed six-form 

J * (4) = 77^— A ' ' ' A dx^e mi ... m6ni ... n4 f dx— A ... A dx^(x - (34) 
4!o! — — 

dual to the current minimally coupled to A^(x). Then the action describing consis- 
tent coupling is 



S = J d w x^[R - 9ml tr(a^Med^Me) - ^HZJS Xe)„,H*» 



6 J 



, d 10 x- 
6 J o r ao-a 



1 dLa(x)M 



lm\...irn" 



M^-^d v a(x) + 2 / A (4) A n {2)a e aP A ft (2)/3 



A4 1 



1 ■ '-{daf 
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- l -H™e^H mnP y ° ) + / AW - 2 / e^lfW A dCf A G*( 5 \ (35) 

where if( 5 ) = M (5 ) - G*( 5 ) and >f( 5 ) = - M< 5 1 

The requirement of consistency demands preservation of the local symmetries (19) and 
(|24]) as well as global SL(2,R). This puts the restriction to the additional scalar field 
a(x) to be the image onto the worldvolume of three-brane, i.e. a = a(x(£)) (see [^(J for 
details). 

Thus, we have constructed the effective action for type IIB supergravity with the 
three-brane source. 



4 Discussion 

To summarize, we start from the action for the bosonic sector of the M-theory super-five- 
brane and obtain the action for three-brane with duality- symmetric worldvolume gauge 
fields. This fields are related to each other by virtue of the self-duality condition and 
elimination of one of them yields the usual Born-Infeld action. In the presence of the 
IIB D = 10 background fields the proposed action possesses an SL(2,R) symmetry and 
the requirement of keeping the additional local symmetries characteristic of the PST 
approach to the theories with chiral gauge fields completely restricts the structure of the 
Wess-Zumino term. 

The duality-symmetric structure of the three-brane action allows to construct the 
consistent coupling to the type IIB supergravity preserving all of the local and global 
symmetries of the effective action. It leads to appearance of minimal term coupled to 
as well as to the new types of non-minimal terms such as e a/3 H^ A dC^ A G*^ 
that reflects the presence of electric and magnetic charges carrying by the worldvolume 
of three-brane. 

The straightforward developments of the obtained results are the investigation of the 
equations of motion of the effective action, the anomaly analysis |}3 and the construction 



of the supersymmetric generalization of the proposed action for three-brane in a spirit of 
The investigation of these and other questions we postpone to future papers. 



34 



Acknowledgements. The author is grateful to Dmitri Sorokin and to Igor Bandos 
for interest to this work and useful remarks and suggestions. I also wish to acknowledge 
the hospitality of the International Centre for Theoretical Physics where the main part 
of this work was complete. 



References 

[1] M.J.Duff and J.X.Lu, "The self-dual Type IIB superthreebrane" , Phys.Lett.B 273 
(1991) 409. 

[2] A.Tseytlin, "Self-duality of Born-Infeld action and Dirichlet 3-brane of type IIB 
superstring theory", Nucl.Phys.B 469 (1996) 51. 



9 



[3] D.P.Jatkar and K.S.Rama, "F-theory from Dirichlet 3-branes", Phys.Lett.B 388 
(1996) 283. 

[4] M.B.Green and M.Gutperle, "Comment on three-branes" , Phys.Lett.B 377 (1996) 
28. 

[5] M.Aganagic, J.Park, C.Popescu and J.Schwarz, "Dual D-brane Actions", 
Nucl.Phys.B 496 (1997) 215, |hep-th/ 9702133 . 

[6] D.Kutasov and E.Martinec, "New Principles for String/Membrane Unification", 
Nucl.Phys.B 477 (1996) 652. 

D. Kutasov, E.Martinec and M.O'Loughlin, "Vacua of M-theory and N=2 strings", 
Nucl.Phys.B 477 (1996) 675. 

[7] S.F.Hewson, M.J.Perry, "The twelve dimensional super (2+2) brane", . Nucl.Phys.B 
492 (1997) 249. 

[8] S.Kar, "D-branes and twelve dimensions", Nucl.Phys.B 497 (1997) 110. 

[9] S.Ryang, "A canonical approach to self-duality of Dirichlet 3-brane", Phys.Lett.B 
395 (1997) 202. 

[10] C.Hull, "String Dynamics at Strong Coupling", Nucl.Phys.B 468 (1996) 113. 

[11] C.Vafa, "Evidence for F-theory", Nucl.Phys.B 469 (1996) 403. 

[12] J.H.Schwarz, Nucl.Phys.B 226 (1983) 269; 

J.H.Schwarz and P.C.West, Phys.Lett.B 126 (1983) 301; 
P.S.Howe and P.C.West, Nucl.Phys.B 238 (1984) 181; 
C.M.Hull, Phys.Lett.B 357 (1995) 545; 

E. Bergshoeff, C.M.Hull and T.Ortin, Nucl.Phys.B 451 (1995) 547; 

E. Bergshoeff, H.J.Boonstra and T.Ortin, Phys.Rev.D 53 (1996) 7206. 

[13] An.R.Kavalov and R.L.Mkrtchyan, "Lagrangian of the self-duality equation and 
d=10 N=2b supergravity", Sov.J.Nucl.Phys. 46 (1987) 1246; 

"Complete invariant lagrangian of d=10 N=2b and d=6 N=2 chiral supergravities" , 
Nucl.Phys.B 331 (1990) 391. 

[14] N.Marcus and J.H.Schwarz, Phys.Lett.B 115 (1982) 111. 

[15] J.Schwarz and A. Sen, "Duality Symmetric Actions", Nucl.Phys.B 411 (1994) 35. 
[16] R.Floreanini and R.Jackiw, Phys. Rev. Lett. 59 (1987) 1873. 
[17] M.Henneaux and C.Teitelboim, Phys.Lett.B 206 (1988) 650. 
[18] W.Siegel, Nucl.Phys.B 238 (1984) 307. 

[19] B.McClain, Y.S.Wu, F.Yu, Nucl.Phys.B 343 (1990) 689; 

F. P.Devecchi and M.Henneaux, Phys.Rev.D 45 (1996) 1606; 
N.Berkovits, Phys.Lett.B 388 (1996) 743; 

I.Bengtsson and A.Kleppe, Int.J.Mod.Phys.A (1997) 3397. 



10 



P.Pasti, D.Sorokin and M.Tonin, "Note on manifest Lorentz and general coordinate 
invariance in duality symmetric models", Phys.Lett.B 352 (1995) 59; "Duality sym- 
metric actions with manifest space-time symmetries", Phys.Rev.D 52 (1995) R4277. 

P.Pasti, D.Sorokin and M.Tonin, "On Lorentz Invariant Actions for Chiral P-Forms", 
Phys.Rev.D 55 (1997) 6292. 

I.Bandos, K.Lechner, A.Nurmagambetov, P.Pasti, D.Sorokin and M.Tonin, "Covari- 
ant Action for the Super-Five-Brane of M Theory", Phys. Rev. Lett. 78 (1997) 4332. 

M.Aganagic, J.Park, C.Popescu and J.H.Schwarz, "World- Volume Action of the M 
Theory Five-Brane", Nucl.Phys.B 496 (1997) 191. 

G.Dall'Agata, K.Lechner and D.Sorokin, "Covariant Actions for the Bosonic Sector 
of D=10 IIB Supergravity", |hep-th/970T044 . 



R.Medina and N.Berkovits, "Pasti-Sorokin-Tonin Actions in the Presence of 
Sources", Phys.Rev.D 56 (1997) 6388, |hep-th/9704093 . 



I.Bandos, N.Berkovits and D.Sorokin, "Duality-Symmetric Eleven-Dimensional Su- 
pergravity and its Coupling to M-Branes", |hep-th/9711055 



P.Pasti, D.Sorokin and M.Tonin, "Covariant Action for a D=ll Five-Brane with the 
Chiral Field", Phys.Lett.B 398 (1997) 41, |hep-th/970T037 . 



J.Scherk and J.Schwarz, Nucl.Phys.B 153 (1979) 61. 

J.Maharana and J.Schwarz, "Noncompact Symmetries in String Theory", 
Nucl.Phys.B 390 (1993) 3. 

D.Berman, U SL(2, Z) duality of Born-Infeld theory from non-linear self-dual electro- 
dynamics in 6 dimensions", Phys.Lett.B 409 (1997) 153, |hep-th/9706208| . 



A.Khoudeir and Y.Parra, "On Duality in the Born-Infeld Theory", [hep- 
th/970801ll 



M.Perry and J.Schwarz, "Interacting chiral gauge fields in six dimensions and Born- 
Infeld theory", Nucl.Phys.B 489 (1997) 47. 



Y.E.Cheung and Zh.Yin, "Anomalies, Branes and Currents", [hep-th / 9710206 



D.Berman, "M5 on a torus and the three brane", |hep-th/ 98041 15 



11 



